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A combined interpolation scheme is presented for overlapping 
s-p conduction and d bands. The d bands alone are treated by 
the tight-binding method. The s-p conduction bands alone are 
treated hy the pseudopotential method. It is shown that there 
are two important interactions between the bands which are 
called hybridization and orthogonalization; previous at- 
tempts to construct combined interpolation schemes included 
only the former interaction. By fitting the energy bands of 
Cu obtained by Segall and Burdick in first-principles calcu- 
lations, we show that f o r  the d bands alone the two-center 
approximation is valid to high accuracy. The rms error in 
the interpolated energy values for the B(d bands and the 
lowest conduction band is less than 0.1 eV in both cases 
throughout the Brillouin zone. The relation of this scheme 
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to resonance theories is indicated, and possible applications 
of the method are discussed. 
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I. Introduction 
Calculations of the energy bands of solids can be classi- 
fied into two broad groups: first-principle calculations which 
directly solve a given one-electron crystal wave equation, o r  
interpolative calculations which describe the bands in terms 
of a minimal basis set and corresponding,disposable parameters. 
In the first group we include Orthogonalized Plane Wave (OPW) 
3 and Augmented Plane Wave (APW) methods as well as the Green's 
function method. 4 y 5  In the second group are the atomic orbital 
scheme of Slater and Koster and the semi-empirical approaches 
based on pseudopotentials. 
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One of the first approaches to the band structure of solids 
was the LCAO o r  tight-binding method. The condition for its 
.validity is that the one-electron wave functions be highly local- 
ized around each atomic core, with small overlap onto adjacent 
atoms. This condition is usually well met by the valence states 
of the rare gas solids and ionic crystals. In particular, it has' 
been used to calculate the valence band structure of KC1 which 9 
roughly corresponds to 3p atomic wave functions localized on the 
CI- ions. 
The valence bands of the alkali halides furnish a simple 
example of the utility of an abstract approach. Howland considers 
separately the cases where the bands are derived from orbitals of 
3p(C1-) alone (a 3 x 3 secular equation), and where the basis set 
contains 3s(C1-), 3p(K+) and 3s(K+) orbitals also (an 8 x 8 secu- 
lar equation). Energies from these two band structures'' are 
1. t 
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l i s t e d  i n  Table I. The forms of t he  bands a r e  seen t o  be s i m i -  
l a r  t o  wi th in  1 0 ° / o ,  b u t  t h e  w i d t h s  d i f f e r  by a f a c t o r  o f  1.9. 
Hence, a good desc r ip t ion  of t h e  h a l i d e  valence bands can be 
given i n  terms of only two "e f f ec t ive"  overlap i n t e g r a l s  ( p p s )  
and ( p p r ) .  The "e f f ec t ive"  overlap i n t e g r a l s  t u r n  out t o  have 
the  same s ign  and r a t i o  a s  those  ca l cu la t ed  from 3p h a l i d e  atomic 
o r b i t a l s ,  but a r e  only about ha l f  a s  l a rge .  The "e f f ec t ive"  
b a s i s  func t ions  a r e  s i m i l a r  t o  Wannier func t ions ,  which a r e  more 
l o c a l i z e d  and hence exh ib i t  smaller  overlap.  
In  view of t h e  successfu l  reduct ion o f  t h e  a c t u a l  bands 
der ived using e igh t  b a s i s  funct ions t o  an a b s t r a c t  model using 
only t h r e e  b a s i s  func t ions  and two shape parameters, one may 
now c a r r y  the process of abs t r ac t ion  one s t e p  f u r t h e r  and de te r -  
mine t h e  shape parameters d i r e c t l y  from experiment. This has  
been done f o r  CsBr from o p t i c a l  data.; t h e  measured parameters 
seem t o  be only 213 of  those ca lcu la ted  from e igh t  b a s i s  func- 
t ions.  9y11 
band width would be obtained f r o m  a complete s e t  of  ( e x a c t )  
Wannier b a s i s  func t ions .  From t h i s  example we conclude t h a t  an 
a b s t r a c t  scheme may a c t u a l l y  y i e l d  b e t t e r  agreement wi th  experi-  
ment than  do f i r s t  p r i n c i p l e s  ca lcu la t ions .  It a l s o  e s t a b l i s h e s  
a procedure f o r  obtaining matrix elements between a b s t r a c t  basis 
func t ions  ( i n  t h i s  case Wannier func t ions ) ,  although t h e  exp l i -  
c i t  determinat ion o f  these  functions i s  not requi red  and may be 
This  i n d i c a t e s  t h a t  a f u r t h e r  reduct ion  i n  ca l cu la t ed  
. inconvenient i n  p r a c t i c e .  
4, . 
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The formal treatment given in Section I1 closely parallels 
the OPW method. However, calculation of the 3d states requires 
2 -1 a combined tight-binding and plane wave approack. Such an ap- 
proach is cumbersome if carried out rigorously. In Section I11 
we show that existing APW calculations justify representation 
of the d bands alone by the Slater-Koster method. In Section IV, 
the s-p conduction band states are discussed including the ef- 
\ 
fects of orthogonality to the d bands. In Section V we treat 
s-d hybridization, and derive a parametric representation for 
the s-d potential terms. 
At first sight, it might appear that treatment of the s-d 
interactions could be facilitated by use of group theory. Along 
certain lines of the Brillouin zone, symmetrical combinations of 
plane wave conduction band states can be formed which will be 
orthogonal to most of the d band states. The symmetry employed 
is that of the group of each symmetry line. This approach does 
indeed simplify the treatment of s-d hybridization effects along 
the (loo), (110) and (111) axes. We have found, however, that 
for general & values, this approach alone makes it very diffi- 
cult to parameterize s-d interactions. 
For this reason we have found it necessary to introduce a 
much stronger ansatz which is not consistent with group theory. 
However, the ansatz is valid to a good approximation, and therein 
lies its suitability for reducing the complexity of the parameter- 
ized representation. We assume that prior to hybridization with 
the lower plane waves the radial d wave functions in a given 
*' . 
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atomic c e l l  a r e  t h e  same f o r  a l l  I & I and a r e  independent of 
band index n. Thus t h e  d s t a t e s  a r e  regarded as p a r t  of the 
s p h e r i c a l l y  symmetric atomic core. We j u s t i f y  our i s o t r o p i c  
model f o r  d s t a t e s  by d i r e c t  comparison w i t h  APW band calcu- 
l a t i o n s .  
The i n t e r p o l a t i o n  scheme developed here determines En(&) 
\ 
throughout t h e  B r i l l o u i n  zone. Near po in t s  of high symmetry 
k one can a l s o  expand En(&) i n  powers of  & - k . This  ap- 
-o( -0c 
proach, usua l ly  c a l l e d  &=E per tu rba t ion  theory,  fu rn i shes  re- 
l a t i o n s  between our parameterized i n t e r a c t i o n s  and sheds l i g h t  
on t h e i r  a n a l y t i c  charac te r .  It i s  discussed elsewhere. 16 
11. General Theory. 
T o  be s p e c i f i c ,  we consider i n  t h i s  paper only monatomic 
f c c  meta ls  such a s  N i  and Cu, although our r e s u l t s  could e a s i l y  
be extended t o  monatomic bcc t r a n s i t i o n  metals  as wel l .  The 
basis s t a t e s  a r e  chosen as follows. To descr ibe  t h e  d bands, 
f i v e  s t a t e s  a r e  required.  These a r e  taken t o  be propor t iona l  
t o  xy, xz, yz, x - y , and 32 - r , which form a convenient 
r e p r e s e n t a t i o n  for t h e  angular  dependence of t igh t -b inding  d 
s t a t e s  i n  a cubic l a t t i c e .  The lowest conduction bands i n  t h e  
p o s i t i v e  1/48th p r imi t ive  sec t ion  of  the B r i l l o u i n  zone ( s e e  
Fig.  1) can be descr ibed using t h e  f o u r  OPWfs which are degener- 
a t e  a t  t h e  poin t  W i n  t h e  empty l a t t i c e .  These a r e  l a b e l l e d  
2 2 2 2 
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by their principal plane wave components (k - +I&), where the 
reciprocal lattice vectors I& are 
K - (0, T,-O) -2 - 
in units of 27r/a, and where barring means the negative. 
Using these basis states, our  9 x 9 Hamiltonian will have 




In (2.2) d and c stand f o r  d band and conduction band states, 
respectively. At a general point, - k, of the Brillouin zone all 
t bhz matrix elements in ( 2 . 2 )  are nor,-zero. 
We assume throughout that our basis functions are orthogonal, 
so that our secular equation has the form 
det I HiJ - E 8 ij I = 0 
The assumption of orthogonality is essential if the abstract 
representation is to achieve the simplicity desired. We mention 
here briefly reasons f o r  hoping that a simple parametric representa- 
tion of the matrix elements of (2.3) is feasible. 
For the d bands we have the work of Fletcher and Wohlfarth 17 
who neglected non-orthogonality terms between d orbitals on dif- 
6 
f e r e n t  atoms. We w i l l  show that  t h e  form o f  t he  d bands alone,AS 
given by APW ca l cu la t ions ,  i s  very c lose  t o  tha t  obtained by 
F l e t c h e r  and Wohlfarth. 
For the  conduction bands we f i n d  i t  necessary, i n  t he  s p i r i t  
of the  OPW and pseudopotent ia l  methods, t o  introduce energy- 
dependent or thogonal i ty  terms. These occur i n  the  c-c block, and 
t h e i r  a n a l y t i c  form i s  determined by our ansa tz  of d i so t ropy .  Be- 
\ 
cause the  width of t he  d band i s  comparable t o  the  d i f f e r e n c e  i n  
energy between the conduction bands and the  d bands, these  terms a r e  
no longer  accu ra t e ly  proport ional  t o  ( E  - Ed),  as i n  the  OPW method. 
Also l e s s  appropr ia te ,  near  d-c crossover  poin ts ,  i s  the pseudo- 
p o t e n t i a l  approximation E -+Ec, where Bc i s  a f r ee -e l ec t ron  energy. 798 
Our procedure f o r  e s t ab l i sh ing  each term i n  the  s e c u l a r  
equat ion  i s  t o  make the  genera l  ansa tz  of d i so t ropy  and then t o  
determine the  radial  behavior of each term as a func t ion  of - k by 
d i r e c t  comparison w i t h  energy bands obtained by APW c a l c u l a t i o n s  
involving much l a r g e r  s ecu la r  equations. The fill s ign i f i cance  
of t h i s  procedure w i l l  be t r ea t ed  i n  our  summary. We f i n d  tha t  
the  approximations t o  the  or thogonal i ty  terms mentioned i n  the  
preceding paragraph o f t e n  produce only small e r r o r s ,  and that f o r  
many purposes a simpler representa t ion  i s  adequate. Nevertheless,  
the  full matr ix  form rep resen t s  the most cons i s t en t  and l o g i c a l l y  
c o r r e c t  development of the i so t ropy  ansatz ,  and hence forms 
the  basis of our exposi t ion.  Our u l t ima te  c r i t e r i o n  f o r  
A .  
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the successful reduction of the large secular equation--as well 
as our justification for the parameterization of the various 
terms in the Hamiltonian--will be the same one used in developing 
pseudopotentials, viz., success in obtaining En(&) itself for the 
bands n of interest. 
111. Tight Binding Representation of d Bands. 
The tight-binding approximation may be formulated in several 
different ways. 
between nearest neighbor basis functions. When the non-orthogonal- 
ity terms are eliminated by unitary transformation of the tight- 
binding basis functions, the new basis functions are called Wannier 
or Lbwdin functions. 
the atomic symmetry of the basis functions and considerably simpli- 
fies the secular equation, it is difficult to carry out accurately. 
Another variation consists of neglecting three-centered integrals 
and non-orthogonality terms. This simplification, called the two- 
center approximation, leads to substantial reductions in the num- 
ber of overlap parameters. 
One may retain or neglect non-orthogonality terms 
Although this transformation does not alter 
Neglecting the s-p conduction bands, Fletcher and Wohlfarth 17 
have calculated the band structure of Ni using the two-center ap- 
proximation. They obtain a 5 x 5 secular equation in terms of 
certain nearest neighbor overlap integrals. These they calculate 
using wave functions and a potential dsrkved by Hartree and Harkree 




equivalent to linear combinations of three two-center parameters. 
The relations satisfied by the six FW parameters In the two-center 
approximation are: 6 
A1 = - -$ (ddr + dd6 ) 
- L (ddr + dd6 ) A2 - 2 
(ddn - ddd ) 2 A3 = 
A4 = ddn 
A5 = - t (f ddo- + ddr + 3 dd 6 ) 
(3 .1 )  
A 6  = - 3 (ddb - dd6 ) 
Using our combined interpolation scheme, we have fitted the 
d bmds and maduction Sands of Cu as calculated by the AP’i  metnoa. 19 
Initially, we treated the general parameters such as A in (3.1) 
as independent. 
can be used to determine the three two-center, nearest neighbor 
overlap integrals. 
appendix B), is 
Our best values for the first neighbor parameters 
The result, in terms of our parameters PI (see 
(3.2) p6); (p7  - p6); ;? 1 (3p3 p7) ddr = 
L .  
Y 
We compare the fitted left-hand sides of ( 3 . 2 )  - ( 3 . 4 )  with the 
values for the right-hand sides derived from ( 3 . 1 )  in Table 11. 
appears that the two-center approximation is valid to about 6%. 
The corresponding differences in d band energy levels are at most 
It 
0.004 Ry., with one exception. 
The exceptionally large three-center contribution is repre- 
relative to G2, which is sented by the zero of energy of r 25 ’ 
described in the notation of ref. 6 by Ell(OOO) - E55(OOO) = 0.008 Ry. 
(Note that this is & equivalent to r12 - /7-25,.) We have there- 
fore included this correction explicitly in the Hamiltonian, but 
have otherwise made the two-center approximation. 
The detailed evaluation of the E or P parameters is given in 
Appendix A. Briefly, the method consists of obtaining a set of 
linear equations in the parameters through the natural factoriza- 
tion of the secular equation at Brillouin zone symmetry points and 
along spinetry lines. The matrix elements of the d part of the 
Hamiltonian can now be obtained from Slater and KosteTlp Table I11 
(reproduced in Appendix A), providing that the zero of energy para- 
meters are do for the triplet degeneracy at f and &, + ? for the 
doublet degeneracy where y = 0.008 Ry. in Cu. 
We conclude by discussing the four second neighbor E para- 
meters. These were included in the determination of parameters 
discussed in Appendix A, but they were found to be so small ((0.001 
as to have a negligible effect on the band structure. For this 
reason, we have not included them in our final scheme. Altogether, 
this leaves the 5 x 5 d-d block parameterized in terms of do, y, 
& .  
ddo- . ddn and ddb . 
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IV. Representation of Conduction Bands. 
At first glance, the calculated conduction bands of transi- 
tion and noble metals appear to be nearly free electron in charac- 
ter. Iiowever, on closer examination, one sees that there are marked 
deviations in the lowest conduction band,, depending on whether one 
is above or below the d bands. Moreover, the Bragg splittings at 
the symmetry points X and L are much larger than those found in 
"simple" metals such as Al. 
To illustrate these deviations, we have plotted in Fig. 2 . .  
Segal.P's results20 for the first and second conduction bands in A1 
and the corresponding bands in Cu?' It is clear that the d bands 
are responsible for several differences in behavior which we analyze 
in two limits. In the first, the conduction band is close to a d 
band of the same symmetry. Here hybridization has taken place-- 
the d band and conduction band are split equally above and below 
the point of crossover in the absence of interaction. We call 
this splitting the direct c-d effect. 
In the second limit, the conduction band is well above the 
d bafids. There the conduction band is shifted above the free elec- 
tron band by a roughly constant amount. Note, however, that the 
shifts are different for the various symmetry directions ( l o o ) ,  
(110), and (lll), being in the ratio (1:2:1) respectively. (Note 
that this is also the ratio of the number of d bands whose group 
representation is the same as the lowest conduction band for these 
three symmetry directions.) Thus, if we wish to incorporate these 
. .  
11 
deviations into the secular equation, we must have terms that are 
both angularly as well as radially dependent. 
The hybridizing and repulsive effects are indicated for the 
energy bands’’ of Cu along the (110), (100) and (111) symmetry a x a  
in Fig. 3 (a)-(c), respectively. Our task now is to construct an 
analytic representation of these effects. 
the hybridizing terms will be discussed in the following section. 
Procedures for obtaining 
\ 
To determine the repulsive terms, we assume that in terms of 
pseudoplane wave states Ik> - the conduction band state has 
the form 
- 
where the normalizing factor Ck is given by - 
Our assumption of d isotropy can be used to determine the ortho- 
gonality coefficients Mdn(&) as follows. Let a d basis function 
be written as 
d 




Because of d isotropy f is a function only of k, and not of - k. 
explicity parameterization of f(k) is given below. 
The 
* .  
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Matrix elements i n  the  4 x 4 conduction block a r e  given by 
2 where i n  u n i t s  wi th  h /2m = 1, 
h 
The terms vk - k l  r ep resen t  t h e  sum of the  matrix elements of t he  
c r y s t a l  p o t e n t i a l  V and the  repuls ive  p o t e n t i a l  VRc between 
r e c i p r o c a l  l a t t i c e  plane waves 7 J 8 .  
- -  
We l e t  Ki denote a l l  the (111) 
and (200) r e c i p r o c a l  l a t t i c e  vectors .  For K larger than Ki, w e  J 
can apply the gene ra l  cance l l a t ion  arguments8 and set  V ( K j )  = 0. 
T h i s  l eaves  us w i t h  two conduction band pseudopotent ia l  parameters 
%ll and v200' 
One f i n d s  t ha t  Vlll and V200 a lone  produce band gaps comparable 
t o  those of the "simple" metals. I n  Pig. 2, w e  have l a b e l l e d  t h i s  
part o f  t he  s p l i t t i n g  of L1 and L2' by 2Vlll. 
The d-d or thogonal i ty  terms i n  (4.5) are 
where Hdn,dnI  i s  the appropr ia te  mat r ix  element between t h e  t i g h t -  
binding d states  contained i n  the d-d block. The c ross  terms can 
be shown t o  have the form 
I1 + I11 = v - 2 ( I V )  (4.8) 
where g(k) is the hybridizing form factor discussed in section 5. 
For our matrix element we finally have 
We must also consider the terms \ 
(4.10) 
(4.11) 
where 072 represents positive orthogonality terms. The normalization 
factors in (4.11) make the diagonal coefficient of E unity. 
off-diagonal OT are inconvenient, and if retained would complicate 
the machine solution of the secular equation considerably. 
The 
In the pseudopotential approximation to the OPW method the 
terms E(0T) are grouped with the terms -Ed(OT), which are represen- 
ted by IV in (4,lO). 
average plane wave energy) and assumes that the d bands are narrow 
(Ed --c Ed). 
One then makes the replacement E -5T (an 
The resulting OT are proportioned to - E, and are 
manifestly invariant to a 
In our case, we have 
The conduction band width 
However, one can consider 
b U 
change in the zero of energy. 
found it simpler to proceed as follows. 
Ec is large; in fact &Ec > (y - T). 
the OT in two limits: near s-d cross- 
overs and near the (200) and (111) Bragg scattering planes. In 
the former case direct calculation shows that very good results 
are obtained by neglecting the OT altogether compared to the hy- 
bridization terms. This is not surprising, for the hybridization 
14 
terms are large in magnitude and have a larger effect because of 
the quasi-degeneracy of the d bands and conduction bands. 
On the other hand, near the Bragg scattering planes the non- 
diagonal OT can be made small by a proper choice of the zero of 
energy. We have found that setting E (X) = X + = 0 gives 
good results for conduction band states qt L, X and W. 
2 
[ BY neglecting E (&) + V  at L and W, we in effect, absorb 
0 
small OT into our pseudopotential parameters. Again direct cal- 
culation shows that the error incurred ls small.] 
From d isotropy, one can see that as k+ 0, f(k) is of order 
k'. Thus a convenient form for f(k) is 
where j,(x) is the second spherical Bessel function that is ob- 
tained In the OPW method by expanding plane waves in terms of Le= 
gendre polynomials. To improve convergence f(k) is cut off beyond 
its second node. 
Fig. 4, we show f(k) explicitly. The procedure used to determine 
A and R o  is described in Appendix B. 
The value of LRo is 2.9 for Cu and A = 1.3 In 
The orthogonality terms are responsible for the large Bragg 
spllttings at X and L, which are asymmetric with respect to the 
free electron energies at these point. For example, neglect the 
effects of s -d  hybridization (section 5)  and consider the conduction 
band structure associated with only the two lowest plane waves near 
X or L ( X b l  and X1, or L2' and L1). Here the lowest two bands have 
, 
wave vector - k and -&. 'Mie extract from the secular equation these 
degenerate levels giving a 2 x 2 determinant: 
2 
a + V 2 t  K + a - ?  
+ '0 
K2 + & - A  I a + '2K ctel;. (4 .13 )  
\ 
+ '0 
2 where h is the eigenvalue, K is the kinetic energy, V2K is 
or V200 for L and X respectively, and a is the term derived vlll 
from orthogonality. Solving this simple determinant yields: 
= ( K ~  + a) 
Hence we see that f o r  the lower 
fect of orthogonality is identically zero, whereas for the higher 
(even symmetry) level 2a is added. The asymmetry o f  the repulsive 
term a in the two eigenvalues shows that marriage of tight-binding 
and plane wave techniques requires orthogonalization of the plane 
wave states to the d states. 
Another approach which reveals a relation between the tight- 
binding diagonal block and the plane wave block, and which is in- 
dependent of s-d hybridization,is based on &*E perturbation theory 
near X o r  L. One can then show that orthogonalization terms in 
the latter block are required to balance overlap (finite band width) 
terms in the d block. 16 
. .  
16 
V. s-d Hybridization. 
In this section we consider the matrix elements of the Hamil- 
tonian in the off-diagonal blocks c-d and d-c. Although the con- 
duction basis states given by equation (4.1) have been orthogon- 
alized to the d basis states, c-d matrix elements will still be 
non-zero in general. In fact near c-d cross-overs, where the 
orthogonality terms are small, the hybridization terms alone 
separate c and d terms belonging to the same irreducible rep- 
resentations. 
It is consistent within our isotropic approximation to rep- 
resent the crystal potential as a superposition of spherically 
symmetric atomic potentials. Just as second-neighbor d-d over- 
lap was found to be small compared to nearest neighbor overlap, 
so we neglect nearest neighbor overlap in computing the hybridi- 
zation term. Thus we regard the mixing as derived from inter- 
actions in a spherically symmetric central cell. 
Using (4.1) we have 
Strictly speaking HI in (5.1) includes both the crystal potential 
and the repulsive terms arising from orthogonalization of the 
plane wave I&> 
tropy the latter would vanish in determining the matrix element 
(5.1) with d states. 
to the s and p core states. With complete iso- 
In any case we are not concerned here with 
. .  
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t h e  d e t a i l s  of (5 .1) .  For our purposes, i t  i s  s u f f i c i e n t  t o  wr i t e  
where g ( k )  i s  an i s o t r o p i c  hybridizing form f a c t o r .  With t h e  
absorptiofi  o f  t h e  normalization f ac to r ,  Ck,. t h e  d e f i n i t i o n  ( 5 . 2 )  
i s  c o n s i s t e n t  w i t h  ( 4 . 9 ) .  
- 
To be completely cons i s t en t  one should represent  t h e  f i r s t  
term on t h e  r i g h t  hand s i d e  o f  (5 .1)  by a form f a c t o r  g l ( k )  and 
determine g ( k )  from g l ( k )  using (5 .1) .  I n  p r a c t i c e  t h e  e f f e c t s  
o f  hybr id iz ing  a r e  dominated by the f i r s t  term, and it i s  not 
p r o f i t a b l e  t o  c a r r y  through t h i s  separa t ion .  
Again it  can be shown t h a t ,  as k --t 0, we have g( k )  + k2. 
Thus f o r  small k we s e t  
w i th  L R i  = 2.9 and B = 13.8 eV i n  Cu 
a l i n e a r  cu to f f  a t  l a r g e  k, i n  F ig .  5. 
. We show g ( k ) ,  including 
For  a given c r y s t a l  p o t e n t i a l  and an assumed d wave func t ion  
(e .g . ,  t aken  from the  f r e e  atom) we could eva lua te  (5 .1) .  However, 
t o  o b t a i n  agreement wi th  APW ca lcu la t ions  i s  would then be neces- 
s a r y  t o  include t h e  e f f e c t s  o f  h igher  plane waves on t h e  d s t a t e s .  
For reasons discussed i n  o u r  in t roduct ion  and summary, t h i s  i s  j u s t  
what we wish t o  avoid. The form f a c t o r  g ( k )  introduced here  in-  
! 
. .  
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cludes these effects consistently both in equation (5.2) and 
in equation (4.9). 
In Appendix B we discuss in detail the method used to deter- 
mine g(k). 
mining the d band parameters. There we considered only d band states 
of symmetry different from the conduction gand. Here we use d 
It is similar to that described in section 3 for deter- 
band states along symmetry lines of symmetry types the same as 
those of the crossing conduction bands. Between these d and 
conduction bands we have both hybridization and orthogonality 
terms. 
[As discussed in the preceding section, we found it convenient 
The effects o f  the former are larger near s-d crossovers/ 
I 
t o  neglect certain orthogonality contributions to the matrix ele- 
ments in ?&e region, because of its tight-binding character. Had 
we retained these terms, and introduced other (Less accurate) ap- 
proximations instead, the orthogonality terms could have been 
forced into the form (E-Ed) lMbn (k)I2. 
explicitly how t o  separate the hybridization splittings from the 
In this form one can see . 
orthogonality terms, by assuming that the latter vanish near s-d 
crossovers and using the construction o f  Fig. 3.1 Indeed we find 
that near s-d crossovers the hybridization terms actually dominate 
so strongly as to yield an unambiguous separation. On the other 
hand, near the zone faces where Bragg scattering takes place, 
the orthogonality terms dominate and the hybridization form 
factor can be determined by iteration. 
Another method for separating hybridization from orthogonality 
. .  
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terms n e a r  t h e  zone faces  r e l i e s  on the  &-e per tu rba t ion  theory 16 
near  X and L. T h i s  method i s  extremely accura te  i n  t h e  immediate 
v i c i n i t y  o f  symmetry points ,  but the i n t e r a c t i o n  method descr ibed 
i n  Appendix B y i e l d s  more general  r e s u l t s  throughout t h e  B r i l l o u i n  
zone. These a r e  a l s o  q u i t e  accurate,  and appear t o  approach the  
l i m i t a t i o n s  inherent  i n  the  ansatz of d i so t ropy .  
V I .  Evaluation and Simple Applications 
To f i t  t he  d bands of a monatomic f cc  metal  using our method, 
c e r t a i n  parameters must be spec i f ied .  For the  conduction bands 
a lone  t h e r e  a r e  two parameters--VIl1 and Vzo0. The p o s i t i o n  and 
shape of t he  d bands alone a r e  f ixed by f i v e  parameters--& ( the  
d- b q h d  energy r e l a t i v e  t o  the  conduction bands), dda, ddn, dd6, 
and the three-center  parameter y. F i n a l l y  t h e  s-d i n t e r a c t i o n s  are 
s p e c i f i e d  by A, B, Ro and R1 i n  equations (4.12) and (5.3). 
convenience these  eleven parameters are l i s t e d  i n  Table V I .  Values 
a r e  given t h e r e  which f i t  the energy bands r,f Cu as determined 
For 
by Burdick from ana- independent  p o t e n t i a l  using the  APW method 19 , 
as wel l  those ca l cu la t ed  by Segal l  using an 2-dependent p o t e n t i a l  I n  
the mul t ip l e  s c a t t e r i n g  formulation' 4 90-22 
By examining the  t a b l e  one no t i ces  seve ra l  d i f f e r e n c e s  between 
Burdick ' s  and S e g a l l ' s  ca l cu la t ions  which arise from the  $-dependent 
p o t e n t i a l  used by the l a t t e r .  S e g a l l ' s  d wave func t ions  a r e  more 
extended than are Burdick 's .  This i s  r e f l e c t e d  i n  the  d band over lap  
parameters, which a r e  about 30% g r e a t e r  f o r  Segal l  s bands than f o r  
Rurdick ' s .  The or thogonal i ty  and hybr id i za t ion  s t r eng ths  (A and B, 
r e s p e c t i v e l y )  a r e  20% and 5% greater, respec t ive ly .  (We be l i eve  tha t  
t h i s  i n d i c a t e s  that  the two e f f e c t s  cannot be combined i n t o  one.) 
The pseudopotent ia l  parameters Vlll and v200 a r e  a l s o  changed, and 
are larger f c r  S e g a l l ' s  bands than f o r  Burdick's,  r e f l e c t i n g  the f a c t  
t h a t  t h e  I-dependent p o t e n t i a l  leads t o  greater c-d d i f f e rences ,  and 
somewhat s t ronger  c-c in t e rac t ions .  
change by 5% and 16$, respec t ive ly ,  which a g a h  suggests  the inde- 
pendence of the  hybridizing and or thogonal i ty  terms. 
The sca l e  f a c t o r s  Ro and R1 
The accuracy of t he  scheme can be t e s t e d  i n  seve ra l  ways. The 
o v e r a l l  rrns dev ia t ion  between o'wr values  and those of h r d i c k  f o r  
the f i r s t  s ix  bands (5 d bands a2d l o w e s t  conduction band) a t  89 
p o i n t s  o f  the B r i l l o u i n  zone i s  0.08 eV. The values  a t  I?, X, L and 
W are compared i n  Table IV; f o r  these po in t s  the  rms dev ia t ion  i s  
0.07 ev. S i m i l a r  r e s u l t s  are obtained i n  f i 5 t i n g  Seeall 's bands. 
The m l - ) s t  c r i t i c a l  t e s t  of the  pa rame te r i za t im  1.e obtained by com- 
par ing  the ms dev ia t ion  of t h e  s e t  of' 2 G  po in t s  used t o  determine rela- 
t i o n s  among the  parameters f i t t i n g  Bc.rdick's bands w i t h  t ha t  of the 
s e t  of 40 po in t s  not  used; t he  ~ W O  vdlues a r e  0.0'7 and 0.08 ev, 
r e spec t ive ly .  It can be seen t h a t  wi th in  s t a t i s t i c a l  u n c e r t a i n t i e s  
t he  dev ia t ions  a r e  i d e n t i c a l .  Moreover, the  u n c e r t a i n t i e s  i n  var-  
i o u s  APW Cu energy l e v e l s  (apart from those a s soc ia t ed  wi th  do, t he  
p o s i t i o n  of t he  d bands r e l a t i v e  t o  the coriduction bands) a r e  s t i l l  
. .  
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l a r g e r  than these  rms devia t ions ,  so tka% a more accura te  f i t  might 
no t  be s i g n i f i c a n t .  F ina l ly  the  l e v e l s  at; X, L, K and W i n  the 
second cmdzlction band are reproduced w i t h  an accuracy comparable 
to thak n f  the  f i r s t  p r i n c i p l e s  calc.ulations.  
A s  a simple a p p l i c a t i o n  of' w-:? scheme w e  hzve ca l cu la t ed  the  
d e n s i t y  o f  s t a t e s  g ( E )  i n  the d 'Sand reglop bo%h wi th  and without 
mixing oi' the  d bands and condu.ctic,2 bazds. 
preser-.C,ed below we have c m s t r u c t e d  hist;gra.m d e n s i t i e s  of s t a t e s  
based on tke  lowest 6 eigenvalsee of  o u r  9% order  secu la r  equa- 
t i o n s  a t  4500 randomly se l ec t ed  poi;.%s i q  L/48t.h o f  the B r i l l o u i n  
zone. With aT! energy i n t e r v a l  of O . O ( X 5  ryd t h i s  g ives  an average A 
n of 353 anC! an rms f lus t ca tdon  i:n r.-* c:f' a b m t  5%. If m e  so 
d e s i r e s  (as we d id  i n  the comparisons 'celc3w) the same raandom 
s e l e c t i o n  can be used i n  each s e t  of  samples. 
I n  the c a l c u l a t i o n s  
OcCJpbct;", 
1) A. 
We have considered three band s t ruc tures  related t o  Burdickls 
Cu hands. The first,  given SE Fig. 6 ,  czrrespcmds t o  the d bands 
alone.  %is case (which has bee? c:kl-2-;.?_aSed l?ef:,:?eL") was used 
as a check 05 the  technique. Tnie see t.5s.t t;Ms i s  q u i t e  similar t o  
the  r e s u l t s  obtained previously,  e:xcept; ths5  OUT Fig. 6 has more 
s t r u c h r e  due t o  the  sever? times l m g e r  randcm sample. 
.3 2 
I n  the  o t h e r  two cases  (sh.own %E. Figs. 7 and 8)  w e  have added 
the s-d I n t e r a c t i o n s  t o  the  bare d-ba23 s t m c t w e  of Fig. 6. The 
band parameters ' fo r  case 2 a r e  taken fyom the f i t  to Burdick ' s  
c a l c u l a t i o n  discussed i n  preceding s e c t i m .  Case 3 has the same 
. .  
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band parameters, except tha t  t he  pos i t i on  of the  conduction bands 
has been changed w i t h  r e spec t  t o  the d band complex. Here we have 
increased  the  zero of e n e r g y d o  of t he  d bands r e l a t i v e  to the  
conduction bands, l eav ing  the remaining parameteeunchanged. 
Case 2 (Fig.  7 )  has do = +5.8Lf eV. (copper- l ike) ,  whereas Case 3 
(Fig. 8)  takes  4, = +7.20 eV (n icke l - l i ke ) :  
By comparing Fig. 8 w i t h  Fig. 7 we see t h a t  s h i f t i n g  the 
conduction bands r e l a t i v e  t o  the d bands leaves  the d e n s i t y  o f  
s ta tes  throughout most of  the d band region almost umhanged. 
T h i s  i s  what one would expect f rom a r i g i d  band model, neglec t ing  
s-d mixing a l toge the r .  Both the  l a r g e  peaks i n  the d e n s i t y  of s t a t e s  
near  0.3 and 0.4 ryd. and weaker peaks near  0.22 and 0.35 ryd. are 
l i t t l e  changed, i n d i c a t i n g  t h a t  they ar ise  f rom s t a t e s  o f  almost pure 
d cha rac t e r .  
I n  Fig. 7 and Fig, 8 w e  have ind ica t ed  energ ies  a t  the symmetry 
p o i n t s  r, X, L and W, These produce Van Hove edges i n  the d e n s i t y  
o f  states.  Other c r i t i c a l  po in ts  a r e  important, however, and these  
are no t  l oca t ed  a t  symmetry points.  (E.g., the peak i n  the d e n s i t y  
of states near  the  top  of  the d band, which i s  commonly supposed t o  
expla in  the  high s p e c i f i c  hea t  of N i ,  i s  caused on the  higher side 
by the L3 edge, and on t h e  lower s ide  by an u n i d e n t i f i e d  c r i t i c a l  
po in t  . ) 
V I I .  Conclusions 
The aim of t h i s  paper has been t o  develop a combined i n t e r -  
polat . ion scheme which could reproduce t*he energy bands o f  t r a n s i -  
t i o n  and noble aetals within 0.1 eTJ and which would depend on the  
smallest poss ib le  number of parameters. I n  reaching our goa l  w e  
have shown from APW c a l c u l a t i o n s  f o r  Cu t h g t  
(1) Gnly n e a r e s t  neighbor i n t e r a c t i o n s  i n  the two-center 
approximations (p lus  one three-ceLter term) are requi red  f o r  the 
d bands; 
( 2 )  Only two pseudopotential  parameters are requi red  t o  de- 
s c r i b e  the  lowest conduction band; 
( 3 )  T h & t  conduction band-d bar,d i n t e rac tdons  a r e  of  two kinds.  
The f i rs t ,  hybr id iza t ion ,  i s  well known, but i t s  magnitude has 
been evaluated and i t  has been shown (apart from sphe r i ca l  har- 
monic f a c t o r s )  t o  be i s o t r o p i c .  The presence of the second i n t e r -  
ac t ion ,  a r epu l s ive  one arising from the  requirement of  or thogonal i -  
zatior? o f  basis s t a t e s ,  had no t  p r e v i m s l y  been necognized i n  APW 
calcula-bions; 
( 4 )  Both conduction band-d band i n t e r a c t i o n s  are descr ibable  i n  
terms of form fac to r s .  Although t h e  f a c t o r s  are similar, they 
appear t o  be independent. 
Some of the assumptions upon which ou r  c a l c u l a t i o n s  are based 
have been discussed i n  seve ra l  recent  papers 24,25. 
regarded as a resonant  l e v e l  overlapping the conduction band, and 
The d bands are 
. .  
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the phase shift of the resonant level is introduced using 
scattering theory. These discussions are entirely formal, where- 
as OUP results demonstrate explicitly that an abstract approach can 
reproduce APW or multiple scattering calculations very accurately. 
Although previous formal discussions based on phase shifts have not 
been able to separate hybridizing and orth,ogonality terms, we have 
showl? that both terms must be included to achieve high accuracy, 
A major unsolved problem for the resonance theories is how to in- 
corporate five (rather than one) d resonance levels into the theory. 
We have avoided this problem at the outset and then have gone on 
to demonstrate (we believe for the first time) the validity of the 
two-cexter approximation. A precise sense in which the resonance 
analogy is valid is analyzed in the following paper . 16 
Because of the simplicity and generality of the interpolation 
scheme, it should have wide applications to many przblems in the 
quantum structure of materials containing overlapping conduction and 
d bands, just as the simple pseudopotential method has successfully 
treated s- and p-band crystals. We mention only two applications 
which follow immediately from the method in its present form. 
Firstly one may determine parametric values to yield very accurate 
fits t o  observed Fermi surfaces. Secondly the high speed of the 
method together with the natural character of the basis states 
(atomic d states or plane wave conduction states) makes calculation 
of direct interband optical spectra, including proper oscillator 
strengths, straightforward. We hope to return to these applications 
elsewhere. 
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APPENDIX A 
I n  Table V a r e  l i s t e d  the twelve parameters 
given by the  z e r o t h ,  f i rs t ,  and second neighbor general  
overlap i n t e g r a l s .  There a r e  two d i f f i c u l t i e s  i n  deter- 
mining these parameters from a given band s t r u c t u r e  calcu- 
l a t i o n .  F i r s t ,  t h e  eigenvectors of an energy l e v e l  a r e  
\ 
not ,  i n  general ,  wholly d, but have some hybr id i za t ion  
w i t h  t h e  conduction bands. Second, even i n  those l e v e l s  
which a r e  most d- l ike,  t h e  energy l e v e l  w i l l  depend on 
seve ra l  of these parameters, rather than  on one o r  two. 
Both of these  d i f f i c u l t i e s  can be overcohe by 
consider ing energy l e v e l s  a t  po in t s  i n  the  B r i l l o u i n  
zone of high symmetry. Then only one, o r  a t  most two, of 
t h e  d l e v e l s  w i l l  have a symmetry type i d e n t i c a l  t o  some 
low conduction band, and only these  d l e v e l s  w i l l  hybrid- 
i z e .  The remaining l e v e l s  a t  t h i s  po in t  can be used t o  
determine l i n e a r  r e l a t i o n s  among the parameters. I n  addi- 
t i o n ,  along symmetry l i nes ,  the  s e c u l a r  equat ion conven- 
i e n t l y  f a c t o r i z e s  i n t o  many r e l a t i o n s  among parameters. 
There i s  one more c r i t e r i o n  f o r  s e l e c t i n g  rela- 
t i o n s  among the parameters. The p o i n t s  and l e v e l s  should 
be chosen so that  the r e s u l t a n t  s t a t i s t i c a l  weight of each 
parameter i s  approximately the same. This  r e s u l t s  i n  
equal  e r r o r s  i n  the  parameters. Equal i ty  i n  s t a t i s t i c a l  
a7 
weight can be guaranteed if the points used are equally 
spaced along each symmetry line. 
The evaluation of the parameters for copper was 
a simple matter since the energy bands had been calculated 
by Burdick at 89 points in the Brillouin zone and 2 / 3  of 
these points were along symmetry lines. Thus, approximately 
150 useful levels remained after combining with 5 d-levels, 
roughly half of which were unhybridized or non-degenerate 
levels. Of these we selected 48, so that each parameter 
was represented approximately five times. (Note that one 
of the two zeros of energy must appear in each equation.) 
These relations yield the overdetermined linear equations 
where A is the rectangular coefficient matrix, Ei are 
the energy eigenvalues, and X are the parameters. (We 
sum on repeated indices.) 
- 
j 
The R*M-S deviation of the X will be minimized J 
if 
Calling AikAi ,  z Ck,. and A i k f i  =pk Y 
then C is a symmetrical, non-singular, square matrix. 
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The desired parameters are given by 
We can solve ( A - 3 )  using standard routines from a computer 
library such as SHARE. 
In Table V we list these parameters, as well 
as the values calculated by Fletcher and Wolfarth. The 
similarity in values is remarkable, considering the di- 
vergent sources of the two columns. 
By allowing a full three-centered treatment of 
the d bands in copper, we have shown that an additional 
restriction to two-centered overlap integrals makes a 
negligible error in the band structure. Henceforth we 
shall calculate the d bands in two-centered approximations 
except for the zero-of-energy parameter @. Table VI lists 
the d band matrix elements as derived from Slater-Koster . 6 
APPENDIX B 
The choice of BesSel func t ions  j, (J(R) t o  parameter- 
i z e  the hybr id i za t ion  and or thogonal i ty  form f a c t o r s  i s  
a n a t u r a l  one. The sca l e  f a c t o r  R r ep resen t s  an  average 
of the values  of r f o r  which the c,d p o t e n t i a l  i n t e r a c t i o n s  
o r  over lap  ( r e spec t ive ly )  are largest. The b e s t  value of 
R, which should not  change grea t ly  from one t r a n s i t i o n  
metal t o  the next,  a r e  determined as descr ibed below. 
For larger values  of k the replacement of a weighted 
value of  j, (kb) over  a range of r by a l o c a l  value j, (kR) 
w i l l  obviously be poor, because j, (kr) o s c i l l a t e s  i n  sign. 
This e f f e c t  i s  incorporated i n t o  the form f a c t o r s  by i n t r o -  
ducing a l i n e a r  cu to f f  a t  l a r g e  k. T h i s  cu to f f  plays a 
small r91e i n  o w  ca lcu la t ions ,  because of  the nea r ly  
s p h e r i c a l  shape of the  fcc B r i l l o u i n  zone. However, a 
much g r e a t e r  e f f e c t  i s  expected when the B r i l l o u i n  zone 
i s  more an i so t rop ic ,  as f o r  bcc c r y s t a l s .  
The " longest"  
zone appears t o  be 
KX i s  C3, and when 
becomes the second 
radial symmetry dimension o f  t he  f c c  
rCKX. The lowest conduction band along 
t h i s  band i s  continued onto C = rK, i t  
lowest conduction band. For t h i s  range 
of  k the cu to f f  e f f e c t s  a r e  important. They can be separ- 
ated by not ing tha t  the E2 and C d bands are symmetrical 3 
30 
with respect to r C. in the absence of interactions with 
the conduction bands. This symmetry holds well for k 
25 
between r and K/2 so that a linear cutoff was introduced 
between K and3K/2. 
With eleven parameters to be determined, it was neces- 
sary t o  develop simple schemes to find best values. Our 
scheme proceeded as follows. With the values of the d 
band parameters determined as described in Appendix A, 
A, B, Ro and R 
2 x 2 and 3 x 3 c-d interaction secular equations along 
were determined approximately by solving 1 
A, A, C and Z. With these approximate values the rrrs 
deviation of the fit was determined to be about 0.2 eV. 
The parameters were varied by fixed increments and quad- 
ratic interpolation was used to minimize the rms deviations. 
rn &is procedure cmverged rapidly ( 5  minutes on an IBM 
7094) and uniquely to the values of the parameters quoted 
in Table 111. 
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TABLE CAPTIONS 
Table I. Ratio of the  energy d i f f e rences  of two c a l c u l a t i o n s  
of the  valence bond s t r u c t u r e  of K C 1  (see re ference  9 ) .  
Table 11. Comparison of  our derived two-center parameters w i t h  
those ca l cu la t ed  by FW from Cu+ d wave funct ions.  
dev ia t ion  of the var ious values  from t h e i r  mean i s  a 
measure of t he  v a l i d i t y  of the  two-center approxima- 
t ion .  
The 
Table 111. Values of model parameters chosen f o r  two copper band 
s t r u c t u r e s  ( r e f .  19 and 20) .  The s ign i f i cance  of 
d i f f e rences  between the parameters i s  discussed i n  
sec t ion  V I .  
Table IV. I n t e rpo la t ed  values  o f  the lowest seven l e v e l s  a t  I?, 
X, L, and W as obtained from the  parametric values  
l i s t e d  i n  Table I11 a r e  compared wi th  the  ca l cu la t ed  
values  of Burdick ( r e f .  19) and Segall  ( ref .  20).  
The f i t  i s  equal ly  good i n  bo th  cases.  ( A l l  values  
are l i s t ed  i n  rydbergs.) 
Table  V. The values  of the  Slater-Koster overlap parameters 
Ei as obtained from f i t t i n g  Burdick ' s  band s t r u c t u r e  f o r  
Cu a r e  shown i n  column 4. These are t o  be compared 
wi th  the  values  l i s t e d  i n  column 5 obtained from the 
two-center formulae of column 3.  The va lues  of dda, 
. 3)' 
dda,and dd6 were also obtained by fitting Burdick's Cu 
bands and are listed in Table 111. The percentage 
differences listed in the last column provide an indi- 
cation of the validity of the two-center approximation. 
Table VI. The matrix elements of the d-d block in the two-center 
approximation. 
similarly f o r  y and z .  
The symbol x,represents kx a/2 and 
3r 
TABLE I 
0.56 0.27 2.07 r15- ‘5’ 
r15- 
X51- X41 1.07 0.52 2.05 
1.63 0.98 1.66 
L3 1 - ‘rl5 0.42 0.24 1.75 
r15- L21 2.44 1.26 1-93 
L3,- 5.1 2.87 1.51 1.90 
Mean Rat io  = 1.89 
36 
TABLE I1 
Value der ived Value 
Overlap from RMS c a l c u l a t e d  
parameter (3.2) - (3.4) Mean Deviation $ by Fw 




































































































-0 . 776 
-0 . 740 
-0 . 535 
-0.534 
-0.243 
+O . 145 
-0 774 
-c) . 648 
-0.543 
-0 . 435 
-0 . 099 
-0 . 718 
-0.676 




-0 . 836 
-0.505 
-0.433 
-0 . 666 
-0 . 630 
-0 . 383 
-0 . 366 
-0.024 
+O . 389 
-0 . 646 
-0 . 511 
-0.380 
-0.247 
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Figure Captions 
1) The B r i l l o u i n  zone of the f .c.c.  l a t t i c e  showing the 1 /48l th  
p r imi t ive  wedge used i n  the  ca lcu la t ions .  
Schematic r ep resen ta t ion  of the hybr id i za t ion  and r epu l s ive  
e f f e c t s  between the  Cu d bands and the lowest two conduction 
bands a1 13g the  s y m e t r y  l i n e  A .  
metry are shown. The dashed l i n e s  show the unperturbed bands 
of  A1 or the  t igh t -b inding  d band of  Cu i n  the absence of these 
2)  
OnlX the bands of A1 sym- 
two e f f e c t s .  (The A1 bands have been sca led  so that  a x  
(G)cu4 a t  k = L.)  
3 )  The energy l e v e l s  of Cu. The s o l i d  c i r c l e s  r ep resen t  the 
c a l c u l a t e d  va lues  of Burdick ( r e fe rence  19) and the s o l i d  l i n e s  
r e p r e s e n t  the i n t e r p o l a t e d  bands obtained us ing  the parameters 
l i s t e d  i n  Table 111. The small d i f f e r e n c e s  shown on the  s c a l e  
of the s o l i d  c i r c l e s  are genxine and ciln be a sc r ibed  t o  break- 
down of the ansa t z  of d isotropy.  
The r epu l s ive  form f a c t o r  f ( k )  exhibi ts  a maximum f o r  k near  the 
B r i l l o u i n  zone edges. 
the parameters used t o  f i t  Burdick 's  band s t r u c t u r e  ( see  Table 111). 
4) 
The value of  f ( k )  shown here i s  taken from 
5) The hybr id i za t ion  form factor g ( k ) .  
symmetry r e q u i r e s  that  g ' ( k )  = 0 f o r  k = L and X, where the 
prime i n d i c a t e s  the d i r e c t i o n a l  d e r i v a t i v e  of  g ( k )  normal t o  
the L o r  X f ace  ( r e spec t ive ly ) .  
sugges ts  that  i f  t h i s  i s  s a t i s f i e d  e x a c t l y  g should be f l a t  f o r  
One can show that  c r y s t a l  
- -  - 
- 
Our assumption of g i so t ropy  then 
- k between - L and - X . We have chosen t o  ignore t h i s  condi- 
t i o n ,  because as shown here gl(X) i s  very nea r ly  zero, and 
g ' ( L )  i s  small. A s  a r e s u l t  g has a simple a n a l y t i c  form. 
The l i n e a r  cut-off  discussed i n  Appendix B begins a t  4ak/7r = 
9.3. \ 
6 )  The d e n s i t y  of d barid s ta tes  i n  Cu r e t a i n i n g  the width due t o  the 
t igh t -b inding  i n t e r a c t i o n s  dda, ddr, dd6 but  omit t ing the conduc- 
t i o n  bands as w e l l  8 s  t h e i r  i n t e r a c t i o n s  w i t h  the d bands. 
Five major peaks appear i n  the  d e n s i t y  of states, a t  0.27, 
0.29, 0.33, 0.36 and 0.39 ryd. 
The d e n s i t y  of d band and conduction band states using the 
Burdick d band parameters as i n  Fig. 6, but  including i n t e r -  
a c t i o n s  with the conduction bands. I n  the d band reg ion  the 
d e n s i t i e s  of states a re  q u a l i t a t i v e l y  similar, bu t  
numeroua quant ika t ive  d i f f e rences  are apparent.  Thus the  peak 
p resen t  i n  Fig. 6 a t  0.27 ryd. has disappeared, while t he  0.29 
and 0.33 ryd. peaks o f  Fig. 6 have merged i n t o  one peak here  
a t  0.31 ryd. The peak a t  0.22 ryd and the shoulder s t a r t i n g  
nea r  0.15 ryd. arise from those states near  the bottom of the 
d band which hybridize s t rongly  w i t h  t h e  conduction band. 
Here the conduction band has been sh i f ted  r e l a t i v e  t o  the d 
band b y 4 . 4  eV. 
small, as can be seen by comparing w i t h  t he  d e n s i t y  of states 
shown i n  Fig. 7. For many purposes t h i s  provides j u s t i f i c a t i o n  
7 )  
8) 
The e f f e c t s  on the d e n s i t y  o f  s t a t e s  are very 
43 
of the r i g i d  band model of ten  used t o  d i scuss  the  p r o p e r t i e s  
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